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Abstract
The proton decay has not been experimentally observed with the lower limit of the proton lifetime
being >∼ 1034 years which is more than the age of the universe. One of the important quantity
that appears in the study of the proton decay is the proton decay matrix element which is a non-
perturbative quantity in QCD which cannot be calculated by using the perturbative QCD (pQCD)
method but it can be calculated by using the lattice QCD method. In this paper we formulate the
lattice QCD method to study the proton decay matrix element. We derive the non-perturbative
formula of the proton decay matrix element from the first principle in QCD which can be calculated
by using the lattice QCD method.
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I. INTRODUCTION
The decay of the proton has not been experimentally observed since the universe was
created almost 14 billion years ago. On the other hand the other hadrons such as neutron,
pion and kaon etc. decay with finite lifetime. For example, the lifetime of the neutron is ∼
880 seconds, the lifetime of neutral pion is ∼ 10−16 seconds and the lifetime of charged kaon
is ∼ 10−8 seconds. In comparison to this the lower limit of the proton lifetime is >∼ 1034
years which is more than the age of the universe.
The main reason why the proton decay has not been observed is due to the baryon number
conservation. Note that in the standard model of physics the baryon number is conserved.
For example, the baryon number is conserved in the (free) neutron decay n → p+e+ν¯e where
n is the neutron, p is the proton, e is the electron and ν¯e is the electron type antineutrino.
However, the (free) proton decay processes such as
p→ π0 + e+, p→ π0 + µ+ (1)
are not allowed because the baryon number is not conserved for the processes in eq. (1) in
the standard model of physics where π0 is the neutral pion, e
+ is the positron and µ+ is the
muon. It is well known that the (free) proton decay process p → n+ e++ νe is not allowed
even if the baryon number is conserved because the neutron mass is larger than the proton
mass where νe is the electron type neutrino. In this paper we refer the (free) proton decay
as the proton decay.
In the beyond standard model of physics the baryon number violation can occur which
can lead to the proton decay. For example, the beyond standard model of physics such as the
grand unified theories (GUTs) and the supersymmetry grand unified theories (SUSY-GUTs)
predict the proton decay.
Note that even if the beyond standard model of physics predicts the proton decay but as
mentioned above the proton decay has not been experimentally observed since the universe
was created almost 14 billion years ago. Over the several decades various experiments have
searched for the proton decay although these experiments have not found any clear evidence
of the proton decay. By comparing these experimental searches with the parameter spaces
of the GUTs and SUSY-GUTs these experimental searches have imposed tight constraints
into the parameter spaces of the GUTs and SUSY-GUTs.
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For the proton decay channels p → π0 + e+ and p → π0 + µ+ in eq. (1) the Super-
Kamiokande experiment [1] has imposed the lower limit of the proton decay lifetime to be
tp→π0+e+ > 8.2 × 1033 years and tp→π0+µ+ > 6.6 × 1033 years respectively. For the proton
decay channel
p→ K+ + ν (2)
the Super-Kamiokande experiment [2] has imposed the lower limit of the proton decay
lifetime to be tp→K++ν > 5.9× 1033 years where K+ is the positively charged kaon.
The initial state for the proton decay channels in eq. (1) is |p > and the final states are
|π0e+ > and |π0µ+ > respectively. Since the leptons e+ and µ+ in the final states can be
treated trivially one needs to calculate the matrix element < π0|O 6B|p > to study the proton
decay where O 6B is the three-quark operator violating the baryon number [see eq. (28)].
The proton and pion consist of quarks, antiquarks and gluons which are described by
the quantum chromodynamics (QCD) [3] which is a fundamental theory of the nature. The
partonic cross section at the short distance can be calculated by using the perturbative QCD
(pQCD) due to asymptotic freedom in QCD [4]. The factorization theorem in QCD [5–7]
plays a central role to calculate the hadron cross section from the parton cross section at
the high energy colliders.
The hadron formation from the quarks and gluons is a long distance phenomena in
QCD which cannot be studied by using the pQCD but can be studied by using the
non-perturbative QCD. Hence the proton decay matrix element < π0|O 6B|p > is a non-
perturbative matrix element in QCD which cannot be calculated by using perturbative
QCD but can be calculated by using the non-perturbative QCD. On the other hand the
analytical solution of the non-perturbative QCD is not known yet. Hence the lattice QCD
method can be used to calculate the proton decay matrix element < π0|O 6B|p >.
Recently we have presented the lattice QCD method to study the proton formation from
the quarks and gluons [8] and to study the proton spin crisis [9] by implementing the non-
zero boundary surface term in QCD due to the confinement of quarks and gluons inside the
finite size proton [10].
In this paper we extend this to study the proton decay matrix element and present the
lattice QCD formulation to study the proton decay matrix element by implementing this
non-zero boundary surface term in QCD due to confinement. We derive the non-perturbative
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formula of the proton decay matrix element < π0|O 6B|p > from the first principle in QCD at
all orders in coupling constant which can be calculated by using the lattice QCD method by
implementing this non-zero boundary surface term in QCD due to confinement. Extension
of this procedure to calculate the other proton decay matrix elements such as < K+|O 6B|p >
is straightforward.
The paper is organized as follows. In section II we describe the lattice QCD method to
study the proton formation from quarks and gluons by implementing the non-zero boundary
surface term in QCD due to confinement. In section III we present the formulation of the
lattice QCD method to study the proton decay matrix element by implementing this non-
zero boundary surface term in QCD due to confinement. Section IV contains conclusions.
II. PROTON FORMATION FROM QUARKS AND GLUONS USING LATTICE
QCD METHOD
We denote the up and down quark fields by ui(x) and di(x) respectively where i = 1, 2, 3
is the color index. The partonic operator to study the proton formation from the partons is
given by
Op(x) = ǫijkuTi (x)Cγ5dj(x)uk(x) (3)
where C is the charge conjugation operator. The time evolution of the partonic operator
Op(x) is given by
Op(r, t) = e−iHtOp(r, 0)eiHt (4)
where H is the QCD hamiltonian of the partons.
The vacuum expectation value of the two point correlation function of the partonic op-
erators in QCD is given by
< 0|Op(r′, t′)Op(0)|0 >= 1
Z[0]
∫
[du¯][du][dd¯][dd] Op(r′, t′)Op(0) det[
δGcf
δωa
]
×exp[i
∫
d4x[−1
4
F dνλ(x)F
νλd(x)− 1
2α
[Gcf(x)]
2 + u¯k(x)[δ
kj(i6 ∂ −mu) + gT dkjA/d(x)]uj(x)
+d¯k(x)[δ
kj(i6 ∂ −md) + gT dkjA/d(x)]dj(x)]] (5)
where |0 > is the vacuum state of the full QCD (not pQCD), Aaµ(x) is the gluon field, Gcf(x)
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is the gauge fixing term, α is the gauge fixing parameter and
Z[0] =
∫
[du¯][du][dd¯][dd] det[
δGcf
δωa
]× exp[i
∫
d4x[−1
4
F dνλ(x)F
νλd(x)− 1
2α
[Gcf(x)]
2
+u¯k(x)[δ
kj(i6 ∂ −mu) + gT dkjA/d(x)]uj(x) + d¯k(x)[δkj(i6 ∂ −md) + gT dkjA/d(x)]dj(x)]] (6)
is the generating functional in QCD with
F sνλ(x) = ∂νA
s
λ(x)− ∂λAsν(x) + gf sabAaν(x)Abλ(x). (7)
Note that the ghost fields are absent in eq. (5) because we are directly dealing with the
ghost determinant det[
δGc
f
δωa
] in this paper.
The complete set of hadronic energy-momentum eigenstates is given by
∑
n′
|Hn′ >< Hn′| = 1. (8)
Using eqs. (4) and (8) in (5) we find in the Euclidean time
∑
r
< 0|O†p(r, t)Op(0)|0 >=
∑
n′
| < Hn′|Op(0)|0 > |2e−
∫
dtEn′ (t) (9)
where
∫
dt is an indefinite integration and En(t) is the energy of all the partons inside the
proton in its nth energy level state which is time dependent [see eq. (17)] given by
H|Hn′ >= En′(t)|Hn′ > . (10)
Neglecting the higher energy level contributions at the large time we find
[
∑
r
< 0|O†p(r, t)Op(0)|0 >]t→∞ = | < p|Op(0)|0 > |2e−
∫
dtEp(t) (11)
where |p > is the energy-momentum eigenstate of the proton p, the Ep(t) is the energy of
all the partons inside the proton given by
H|H0 >= E0(t)|H0 >, |p >= |H0 >, Ep(t) = E0(t). (12)
In terms of the energy-momentum tensor of the partons inside the proton we find
Ep(t) =< p|
∑
q,q¯,g
∫
d3rT 00(r, t)|p > (13)
where T µν(x) is the energy-momentum tensor density in QCD given by
T νλ(x) = F νµd(x)F λdµ (x) +
1
4
gνλF dµσ(x)F
µσd(x) + u¯k(x)γ
ν [i∂λ − igT dkjAλd(x)]uj(x)
+d¯k(x)γ
ν [i∂λ − igT dkjAλd(x)]dj(x). (14)
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From the continuity equation ∂νT
νλ(x) = 0 we obtain
d
dt
< p|
∫
d3rT 00(r, t)|p >= − < p|
∫
d3r∂kT
k0(r, t)|p > . (15)
Due to the confinement of quarks and gluons inside the finite size proton we find the non-zero
boundary surface term in QCD [10]
< p|
∫
d3r∂kT
k0(r, t)|p > 6= 0 (16)
which from eqs. (13) and (15) gives
dEp(t)
dt
6= 0. (17)
Hence from eq. (17) we find that the energy Ep(t) of all the quarks, antiquarks and gluons
inside the proton is not constant but is time dependent. Since the energy Ep of the proton
is constant (time independent) we find that
Ep 6= Ep(t) (18)
where Ep(t) is the energy of all the partons inside the protopn p and Ep is the energy of the
proton p. From eqs. (13), (15) and (16) we obtain
d
dt
[Ep(t) + EB(t)] = 0 (19)
where
dEB(t)
dt
=< p|∑
q,q¯,g
∫
d3r∂kT
k0(r, t)|p > 6= 0 (20)
Hence, unlike eqs. (17) and (18), we find from eq. (19) that
Ep = Ep(t) + EB(t) (21)
where Ep(t) is given by eq. (13) and EB(t) is given by eq. (20).
Using eq. (21) in (11) we find
| < p|Op(0)|0 > |2e−mpt = [
∑
r < 0|O†p(r, t)Op(0)|0 >
e
∫
dtEB(t)
]t→∞ (22)
where mp is the mass of the proton.
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The vacuum expectation value of the three point correlation function of the partonic
operators in QCD is given by
< 0|Op(r′′, t′′)[
∫
d3r′∂kT
k0(r′, t′)]Op(0)|0 >= 1
Z[0]
∫
[du¯][du][dd¯][dd] Op(r′′, t′′)
×[
∫
d3r′∂kT
k0(r′, t′)]×Op(0) det[
δGcf
δωa
]× exp[i
∫
d4x[−1
4
F dνλ(x)F
νλd(x)− 1
2α
[Gcf(x)]
2
+u¯k(x)[δ
kj(i6 ∂ −mu) + gT dkjA/d(x)]uj(x) + d¯k(x)[δkj(i6 ∂ −md) + gT dkjA/d(x)]dj(x)]].
(23)
Using eqs. (4) and (8) in (23) we find in the Euclidean time
∑
r′
< 0|O†p(r′, t′)[
∑
q,q¯,g
∫
d3r∂kT
k0(r, t)]Op(0)|0 >=
∑
n′,n′′
< 0|O†p(0)|Hn′ >
< Hn′ |[
∑
q,q¯,g
∫
d3r∂kT
k0(r, t)]|Hn′′ >< Hn′′ |Op(0)|0 > |2e−
∫
dt′En′ (t
′). (24)
Neglecting the higher energy level contributions at the large time we obtain
[
∑
r′
< 0|O†p(r′, t′)[
∑
q,q¯,g
∫
d3r∂kT
k0(r, t)]Op(0)|0 >]t′→∞
=< p|∑
q,q¯,g
∫
d3r∂kT
k0(r, t)|p > | < p|Op(0)|0 > |2e−
∫
dt′E(t′). (25)
From eqs. (11), (25) and (20) we find
dEB(t)
dt
= [
∑
r′ < 0|O†p(r′, t′)[
∑
q,q¯,g
∫
d3r∂kT
k0(r, t)]Op(0)|0 >∑
r′ < 0|O†p(r′, t′)Op(0)|0 >
]t′→∞. (26)
Using eq. (26) in (22) we obtain
| < p|Op(0)|0 > |2e−mpt = [
∑
r < 0|O†p(r, t)Op(0)|0 >
e
∫
dt[
∑
r′
<0|O
†
p(r
′,t′)[
∑
q,q¯,g
∫
dt
∫
d3r∂kT
k0(r,t)]Op(0)|0>∑
r′
<0|O
†
p(r
′,t′)Op(0)|0>
]t′→∞
]t→∞
(27)
where
∫
dt is indefinite integration.
Eq. (27) is the non-perturbative formula to study the proton formation from quarks,
antiquarks and gluons by implementing the non-zero boundary surface term in QCD due to
confinement which can be calculated by using the lattice QCD method.
III. LATTICE QCD METHOD TO STUDY PROTON DECAY
In this section we will extend the procedure of the previous section to derive the non-
perturbative formula of the proton decay matrix element < π0|O 6B|p > by implementing
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the non-zero boundary surface term in QCD due to confinement which can be calculated
by using the lattice QCD method. This procedure is also applied to study various non-
perturbative quantities in QCD in vacuum [9, 11] and in QCD in medium [12] to study the
quark-gluon plasma at RHIC and LHC [13–15].
The baryon number violating three-quark operator O 6B(x) is given by
O 6B(x) = ǫijk[uTi (x)CPR/Ldj(x)]PLuk(x) (28)
where PR/L means right or left projection matrix respectively given by
PR =
1 + γ5
2
, PL =
1− γ5
2
. (29)
The partonic operator Op(x) for the proton formation is given by eq. (3) and the patonic
operator Oπ0(x) for the pion formation is given by
Oπ0(x) =
u¯i(x)γ5ui(x)− d¯i(x)γ5di(x)√
2
. (30)
The vacuum expectation value of the three point non-perturbative partonic correlation func-
tion < 0|Oπ0(r′, t′)O 6B(r, t)Op(0)|0 > is given by
< 0|Oπ0(r′′, t′′)O 6B(r′, t′)Op(0)|0 >=
1
Z[0]
∫
[du¯][du][dd¯][dd] Oπ0(r′′, t′′)O 6B(r′, t′)Op(0)
×det[δG
c
f
δωa
]× exp[i
∫
d4x[−1
4
F dνλ(x)F
νλd(x)− 1
2α
[Gcf(x)]
2 + u¯k(x)[δ
kj(i6 ∂ −mu) + gT dkjA/d(x)]uj(x)
+d¯k(x)[δ
kj(i6 ∂ −md) + gT dkjA/d(x)]dj(x)]]. (31)
Similar to eq. (8) for the proton the complete set of energy-momentum eigenstates of the
pion π0 is given by
∑
n′
|Hπ0n′ >< Hπ0n′ | = 1. (32)
Using eqs. (4), (8) and (32) in (31) we find in the Euclidean time
∑
r′′,r′
ei~pπ0 ·(~r
′′−~r′) < 0|Oπ0(r′′, t′′)O 6B(r′, t′)Op(0)|0 >=
∑
n′′,n′
< 0|Oπ0|Hπ0n′′ >
< Hπ0n′′|O 6B|Hn′ >< Hn′ |Op|0 > e−[
∫
dt′′E
π0
n′′
(t′′)−
∫
dt′E
π0
n′′
(t′)]e−
∫
dt′Ep
n′
(t′) (33)
where
∫
dt′ and
∫
dt′′ are indefinite integrations, ~pπ0 is the momentum of the pion π0 and
the proton is at rest.
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In the limit t′′ >>> t′, t′ →∞ we find by neglecting the higher energy level contributions
[
∑
r′′,r′
ei~pπ0 ·(~r
′′−~r′) < 0|Oπ0(r′′, t′′)O 6B(r′, t′)Op(0)|0 >]t′′>>>t′, t→∞ =< 0|Oπ0 |π(~pπ0) >
< π(~pπ0)|O 6B|p >< p|Op|0 > e−[
∫
dt′′Eπ0(t
′′)−
∫
dt′Eπ0(t
′)]e−
∫
dt′Ep(t′) (34)
where Eπ0(t) is the energy of all the partons inside the pion π0 and Ep(t) is the energy of
all the partons inside the proton p.
From eq. (11) we find for the proton formation
[
∑
r′
< 0|Op(r′, t′)Op(0)|0 >]t′→∞ = | < p|Op|0 > |2e−
∫
dt′Ep(t′). (35)
Similarly for the pion π0 formation we find
[
∑
r′′
ei~pπ0 ·~r
′′
< 0|Oπ0(r′′, t′′ − t′)Oπ0(0)|0 >]t′′>>>t′, t′→∞
= | < π0(~pπ0)|Oπ0 |0 > |2e−[
∫
dt′′Eπ0(t
′′)−
∫
dt′Eπ0 (t
′)]. (36)
From eqs. (34), (35) and (36) we find
< π0(~pπ0)|O 6B|p >=
√
| < π(~pπ0)|Oπ0|0 > |2 ×
√
| < p|Op|0 > |2
×[
∑
r′,r′′ e
i~pπ0 ·(~r
′′−~r′) < 0|Oπ0(r′′, t′′)O 6B(r′, t′)Op(0)|0 >
[
∑
r′ < 0|Op(r′, t′)Op(0)|0 >][
∑
r′′ e
i~pπ0 ·~r
′′
< 0|Oπ0(r′′, t′′ − t′)Oπ0(0)|0 >]
]t′′>>>t′, t′→∞.
(37)
From eq. (27) we find
| < p|Op(0)|0 > |2 = [
∑
r < 0|O†p(r, t)Op(0)|0 > ×empt
e
∫
dt[
∑
r′
<0|O
†
p(r
′,t′)[
∑
q,q¯,g
∫
dt
∫
d3r∂kT
k0(r,t)]Op(0)|0>∑
r′
<0|O
†
p(r
′,t′)Op(0)|0>
]t′→∞
]t→∞
(38)
and similarly for the pion we find
| < π0(~pπ0)|Oπ0(0)|0 > |2 = [
∑
r e
i~pπ0 ·~r < 0|O†π0(r, t)Oπ0(0)|0 > ×etEπ0
e
∫
dt[
∑
r′
e
i~pπ0 ·~r
′
<0|O
†
π0
(r′,t′)[
∑
q,q¯,g
∫
dt
∫
d3r∂kT
k0(r,t)]Oπ0 (0)|0>∑
r′
e
i~pπ0 ·~r
′
<0|O
†
π0
(r′,t′)Oπ0 (0)|0>
]t′→∞
]t→∞
(39)
where Eπ0 is the energy of the pion π0.
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Using eqs. (38) and (39) in (37) we find
< π(~pπ0)|O 6B|p >=

[
∑
r e
i~pπ0 ·~r < 0|O†π0(r, t)Oπ0(0)|0 > ×etEπ0
e
∫
dt[
∑
r′
e
i~pπ0 ·~r
′
<0|O
†
π0
(r′,t′)[
∑
q,q¯,g
∫
dt
∫
d3r∂kT
k0(r,t)]Oπ0 (0)|0>∑
r′
e
i~pπ0 ·~r
′
<0|O
†
π0
(r′,t′)Oπ0 (0)|0>
]t′→∞
]t→∞


1
2
×

[
∑
r < 0|O†p(r, t)Op(0)|0 > ×empt
e
∫
dt[
∑
r′
<0|O
†
p(r
′,t′)[
∑
q,q¯,g
∫
dt
∫
d3r∂kT
k0(r,t)]Op(0)|0>∑
r′
<0|O
†
p(r
′,t′)Op(0)|0>
]t′→∞
]t→∞


1
2
×
[ ∑
r′,r′′ e
i~pπ0 ·(~r
′′−~r′) < 0|Oπ0(r′′, t′′)O 6B(r′, t′)Op(0)|0 >
[
∑
r′ < 0|Op(r′, t′)Op(0)|0 >][
∑
r′′ e
i~pπ0 ·~r
′′
< 0|Oπ0(r′′, t′′ − t′)Oπ0(0)|0 >]
]
t′′>>>t′, t′→∞
(40)
which can be calculated by using the lattice QCD method.
Eq. (40) is the non-perturbative formula of the proton decay matrix element < π0|O 6B|p >
derived from the first principle in QCD which can be calculated by using the lattice QCD
method. Extension of eq. (40) to study other proton decay matrix elements such as
< K+|O 6B|p > is straightforward.
IV. CONCLUSIONS
The proton decay has not been experimentally observed with the lower limit of the
proton lifetime being >∼ 1034 years which is more than the age of the universe. One of the
important quantity that appears in the study of the proton decay is the proton decay matrix
element which is a non-perturbative quantity in QCD which cannot be calculated by using
the perturbative QCD (pQCD) method but it can be calculated by using the lattice QCD
method. In this paper we have formulated the lattice QCD method to study the proton
decay matrix element. We have derived the non-perturbative formula of the proton decay
matrix element from the first principle in QCD which can be calculated by using the lattice
QCD method.
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